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Setting

We consider the non linear Schrddinger equation in R?

oY

io— +AY = ¥f(|¥]?) (NLS)

Y(t,x) €C, T >0, x € R4,
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Setting

We consider the non linear Schrddinger equation in R?

oY

i +AY = Y1([¥?) (NLS)

Y(t,x) €C, T >0, x € R4,

We assume

example: f(r)=r—1 — NLS=GP

Y =1 is a trivial solution of (NLS). We consider an initial datum
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Hydrodynamic form of (NLS)

Madelung’s transform: (for |¥| > 0)

Y = aexp(i¢),

with
a(t,x) eR",  ¢(t,x) eR, ©v=V¢.

/

dr(a*) +V - (a*v) =0

(NLS) =
300+ 2(0- V)0 + V(f(a2)) = v(ﬁ).

a

\

Compressible Euler type system plus quantum pressure.
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(KdV) and (KP-1) Equations

* Two equations describing unidirectional waves :

20;0 + T (0,7 — clz 220 =0, (d=1) (KdV)

S

and

1 _
20§ +T {058 — 5 92,0+ 4:,9,/0 =0 (d > 2). (KP-1)
S

4
s =1/f(1) >0 and FE6+C—2f”(1) € R.
S
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Formal derivation of (KdV) and (KP-I)

Ansatz ¥ (t,x) = (1 + e A%(t,z)) exp(iep®(t,z)) with

F=ceoT, 2z =¢e(x] —cst), z, =e°x].

p

dr(a*) +V - (a*v) =0

(NLS) = 9
300 +2(0- Vo + V(f(a2)) = v(ﬁ).

a

\

6/47



Formal derivation of (KdV) and (KP-I)

Ansatz ¥ (t,x) = (1 + e A%(t,z)) exp(iep®(t,z)) with

N\

F=ceoT, 2z =¢e(x] —cst), z, =e°x].

€

1
Ut = —0dz, ¢-.
Cs

1 1
0 Af — E—ZBZA8 +2ufd, At + E—Zazus + A%, ut =0

1 1
iUt — 8—282u€ + 2ufo,ut + E—ZBZAS + (I' = 5)A%9,A°

02 A¢
=9 ( c2(1 + e2 A¢

)) + 620, (O(JASP)).
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Formal derivation of (KdV) and (KP-I)

1 1
[ 9,A° — 0 DA+ 0.+ A = 0

1 1
iUt — g—zazu‘€ + 2ufo,ut + E—ZBZAE + (I' = 5)A%9,A°

—~
=2
|
p—
~—
/N

dZA®
:E)Z( TR
\ ¢;(1+ &2 Af)

) + 620, (O(JASP)).

If A® and u® are indeed of order one, we must have

Af >~ ut = Clazgog — A.
S
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Formal derivation of (KdV) and (KP-I)

Summing the two equations :

— (A% uf) +2uf0, A+ AR0,uf + 2ufd,ut + (T — 5) A9, A°

_ A 2
- az(cg(l —|-82A8)) +0(€)

4

1
20;A +TAd,A — c—zagA = 0.

S
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Formal derivation of (KdV) and (KP-I)

Summing the two equations :

— (A% uf) +2uf0, A+ AR0,uf + 2ufd,ut + (T — 5) A9, A°

02 A€ 5
- az(cg(l —|-82A8)) +0(€)
|}
1 3
20iA+TADA— 5934 =0.
S

¢ Derivation standard in the physical literature :
CondensatsJones-Roberts (GP, d = 2 ou 3)
Nonlinear Optics :Kivshar (general f,d =1, d = 2).
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Convergence results towards KdV/K P-|

Theorem 1 [C.-Rousset] (d = 1): We assume

3
sup {HASHHl—I—lHaZﬂ— 8HL2}<—|—00 and Ay — Ap in L2,
0<e<1 €7 G

then, the solution¥ of (NLS) with oo = (1+e*Af) exp (iegf)
writes ¥ (1, x) = (1 + €2 A%(t,z)) exp (ieg®(t, z)) with

sup {140 + £ =L Z(P A f < oo

g, t>0

If Ais the H' solution of KdV with A,_y = Ay, then, as ¢ — 0,

( A - A in (O

loc

(Ry, H' )

0:9°/cs — A in CP (Ry,L?).

loc
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Convergence results towards KdV/K P-|

In the very well prepared case
10200 — csAf|,.» =0(e) and  Aj—A; in H,
we have convergence up to H':
Af — A in C)_ (Ry, HY)

and
0:¢° — ¢ A® = o(e) in Cp_(Ry,L?).
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Convergence results towards KdV/K P-|

d
Theorem 2 [C.-Rousset] (d > 1): Fors > 1+ i,we suppose

sup [|(AG, 92,90,V 90) e < +o0 and  Aj— A dans L
0<e<1

as well as

((d=1) |esAf — 92,95 12 — O
\ as ¢ — 0.
(d>2) lesAG — 9z, 95| 2 = O(e)

\

Then, for some T > 0, the solution ¥ of (NLS)s writes
Y (7, x) = (1+€*A%(t,z)) exp (ieg(t,z)) for 0 < t < T with

sup {HAS‘ S} < +o0.

e, 0<t<T

et || (02,05, eVz, 0°) || 4
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Convergence results towards (KdV)/(KP-I)

If A € L*(|0,T], H®) is the solution to (KdV)/(KP-I) with A,_, = A, then

( A"— A in C([0,T],H*1)

S

Z9 4 i c(o, T H).

\ CS
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Convergence results towards (KdV)/(KP-I)

In the non well-prepared case
Ay — Ao dz, ¢ /¢s — (1)1 and Vi ¢°/t¢s —0 in L?

we show
% (A8 + 0z, (pg/cs) — A in LZ([O, T],HS_)

and

Af, 05,9 /cs — A weakly in LZ([O, T] x ]Rd),

where A is the solution to (KdV)/(KP-I) with A,_, = % (Ao + (uo)l).
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Use of the complete integrability of (KdV) and (NLS)

Work of F. Béthuel - P. Gravejat - J-C. Saut - D. Smets:

— Convergence towards (KdV) for f(r) = r — 1 (integrable case) using the high
order conservation laws.

Theorem [Béthuel-Gravejat-Saut-Smets]: We assume
[ A% s + 0=0% /s . < M
and we consider the solution ¢ of (KdV) with
Cftzo = Ap.

Then, for 0 < & < gg(M)

|45 = 7] < Con (145 — 2 /s + £2) .

16/47



Transonic limit for the travelling waves

Two guantities (formally) conserved by the Schrodinger flow

oY
S+ A = ¥F([¥) (NLS)

the energy(F’ = f, F(r3) = 0)

=5 [ IVEP+F(¥P) dx

and the momentur(with ¥ = pe'?)

1

B} 1
P=s |, 0Ve"dx =3 /Rd "(0? —1)V¢" dx.

Travelling waves : Y (t,x) = U(x; —cT,x | ) Solve
AU = Uf(|UJ*) —icdy, U.
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Transonic limit for the travelling waves

(E, P) diagram for the travelling waves in dimension d = 1, with f(r) =r — 1.

E
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Transonic limit for the travelling waves

(E, P) diagram for the travelling waves in dimension d = 2, with f(r) =r — 1
(Jones-Roberts (1982)).

E
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Transonic limit for the travelling waves

(E, P) diagram for the travelling waves in dimension d = 2, with f(r) =r — 1
(Jones-Roberts (1982)).

E
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Transonic limit for the travelling waves

Theorem [Béthuel-Gravejat-Saut]: We assumed =2ord =3 and f(r) =r—1.
There exist at least one minimizer of the energy under constraint of fixed

momentum P; = p

-forany p > 0if d = 2;
-forany p > po > 01ifd = 3.
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Transonic limit for the travelling waves

Theorem [Béthuel-Gravejat-Saut]: We assumed =2ord =3 and f(r) =r—1.

There exist at least one minimizer of the energy under constraint of fixed
momentum P; = p

-forany p > 0if d = 2;
-forany p > pg > 01ifd = 3.

Theorem [Marig]: We assume d > 3 and f'(1) > 0. Then, for every 0 < ¢ < ¢,
there exists at least one nontrivial travelling wave for (NLS) with speed c.
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Transonic limit for the travelling waves

Theorem [Béthuel-Gravejat-Saut]: We assumed =2ord =3 and f(r) =r—1.
There exist at least one minimizer of the energy under constraint of fixed

momentum P; = p

-forany p > 0if d = 2;
-forany p > po > 01ifd = 3.

Theorem [Marig]: We assume d > 3 and f'(1) > 0. Then, for every 0 < ¢ < ¢,
there exists at least one nontrivial travelling wave for (NLS) with speed c.

Theorem [C.-Maris]: We assume d = 2, f/(1) > 0 and T # 0. Then, there exists
aset C C (0,¢s) of speeds such that for any c € C, there exists at least one

nontrivial travelling wave for (NLS) with speed c. Moreover, sup C = ¢; and
infC = 0.
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Transonic limit for the travelling waves

Ansatz U(x) = (1 + & A%(z)) exp(ieg®(z)) with

z1 = €X1, z| =¢ex, c=c(e) = /% — €2

We expect A® ~ d,, ¢ /¢s — VV solitary wave of (KdV)/(KP-I):
1 L 3 ~1
C_z 821W _I_ Fwazlw - c_z E)le _I_ AZL(’)Zl W — O.
S S

Works of de Bouard-Saut: if ' # 0, existence of ground states with speed 1/¢2
only ford =2 and d = 3.
If d = 1, “the” (KdV) soliton (KdV) is

6
2Tch?(z/2)’

w(z) =
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Transonic limit for the travelling waves

Theorem [C.-Maris]: We assume I' #0,d = 1,2 or3 and f'(1) > 0. There
exists a sequence (U,, ¢, ), where U, is a non trivial travelling wave with speed

¢y and ¢, = /2 — €2 — ¢g such that

Un(x) = (14 €5Au(2)) exp(icngu(2)) 21 = €nX1, Z| =X,
Moreover, there exists a ground state VV of (KdV)/(KP-I) such that
A, — W and Oz, Pn/cs — W

in all the WP, s € N, 1 < p < co. Finally,

E(Uy) ~ ¢sP(Uy) ~ Ke =24,
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Transonic limit for the travelling waves

Theorem [C.-Maris]: We assume I' #0,d = 1,2 or3 and f'(1) > 0. There
exists a sequence (U,, ¢, ), where U, is a non trivial travelling wave with speed

¢y and ¢, = /2 — €2 — ¢g such that

Un(x) = (14 €5Au(2)) exp(icngu(2)) 21 = €nX1, Z| =X,
Moreover, there exists a ground state VV of (KdV)/(KP-I) such that
A, — W and Oz, Pn/cs — W

in all the W*F, s € N, 1 < p < oo. Finally,

E(Uy) ~ ¢sP(Uy) ~ Ke =24,

o Ifd =1, itis a branch of travelling waves for ¢ near c;.
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Transonic limit for the travelling waves

Generalize similar result of Béthuel-Gravejat-Saut ford =2 and f(r) =r — 1.

Difficulties:
- minimisation under constraint is impossible :

x F can take negative values (cubic-quintic nonlinearity);
x In dim d = 3, the travelling waves are not minimizers under constraint.

- d = 3: high energy/momentum.
- do the solution vanish ? = ¢ ~ ¢, and E(u) — ¢P; (1) small is sufficient.

- getting the L? bounds in dim d = 3 much longer (Sobolev...).
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What happenswhenI' = 0 ?
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What happenswhenI' = 0 ?

Principe : expand to next order the nonlinearity and enlarge A® and ¢*.

= we shall obtain a cubic (KdV)/(KP-I) equation :

1 L 3 2 1
2 0z, W — 2 W +T'W 9, W+A; 0, W=0,
where the coefficient I’ is given by

4](///(1)
— 24
g

I = é(6f”(1) +4f”’(1)) —15=

(recall 2f"(1) = —3¢2 since T = 0).

= similar result for planar ferromagnets (Spathis-Papanicolaou).
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

We plug the ansatz (c(¢) = /¢ — €2)

U(x) =19 (1 + 8A8(2)> exp (i¢ge(z)) 71 =ex, z, =¢€’x,

[ —c(€)0z, Ae + 2607, 90z, A + 2a’-,'3VZL Qe -V, Ag
+(1 4 eAg) (8%1 Qe + Nz, gog) =0

1
—c(€)0z, e + €(0z Pe)” + 83|VZJ_ Pe|* + Ef(T%(l T EAe)z)
_g? aglAg + EZAZL Ae _
\ ]. —l_ 8Ag -
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

To leading order :
Oz, Pe = ¢s5Ae.

To second order :
azl (Pg — C(E)Ag — __CsAg —|_ 0(8).
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

To leading order :
Oz, Pe = ¢s5Ae.

To second order

3¢
azl (Pg — C(g)Ag — _ECSAE —|_ 0(8).

Combining (1)c(e)/¢Z + 9, (2) /¢ and dividing by &*:

1 1 02 Ae + 20z Acy  c(e) ,
2821148_%82( 1+€Ag >‘|‘ C2 (1—|‘€A) ZLGDS
1, cle 1
_|_ — {2 (2) azl GogazlA _|_ ( ) A az qu _|_ _2 azl [(azl GDS)Z] — 5A8621A8}
€ CS s CS

+ clz (6f”(1) +4f”’(1))A38z1Ae = O(e).
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

1 [P% —1
2 SR AN TTA=0

— 00y A +T' A%, A — 07,
S

Existence of travelling waves ?
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

1

1 3 -1
5 SR AN TTA=0

— 00y A +T' A%, A — 07,
5
Existence of travelling waves ?

Basic remarks :

- if A is a solution, sois —A !

- for I’ > 0 : defocusing equation / for I’ < 0 : focusing equation.
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

1

1 3 -1
5 SR AN TTA=0

— 00y A +T' A%, A — 07,
S

Existence of travelling waves ?

Basic remarks :

- if A'is a solution, sois —A'!

- for I’ > 0 : defocusing equation / for I’ < 0 : focusing equation.

Whend =1, I” < 0, “the* (KdV’) soliton is

W:I:(Z) — 1 \/_6/(F/cg).

- ch(z)

Works of de Bouard-Saut: for I’ < 0, existence of ground states (with speed
1/(2¢2)) only for d = 2.
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Formal derivation of cubic (KdV)/(KP-1) (I' = 0)

Théoreme [C.-Marig]: We assume f'(1) >0, =0 >T"and d = 1. There
exists 0 < ¢y < ¢s S.t. for every ¢y < ¢ = c(¢€) < ¢, there exists exactly two
travelling waves U:* with speed c(e). Moreover,

UE(x) = (14 eAF(2) expligf (2)),  z=ex,

with

AZ - wT and 0,0 /¢cs — W

in all the W”, s € N, 1 < p < c0.
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

Ex1 : f(r):r—1—§(r—1)2+§(r—1)3 T=0 T =—6
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

3 3

Ex1 : f(r):r—l—i(r—l)er—(r—l)?’ =0, T'=-6)

2
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

407
307
207

104

-101
-201
-30-

_40_

Ex2 :

f(r) =4(r—1)+36(r —1)°

10 1

(I'=6)
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

Ex2 : f(r) =4(r—1)+36(r—1)° (T =6)
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

Ex3 : f(r):%(r—l)—Z(r—1)2+2(r—1)3 (T=0, T =24>0)
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

(r — 1)4
)

Ex4 : f(r):(7—1)—§(r—1)2+2(r—1)3—

13(r—1)° — ;(r 15 44(r—1Y (>

o N O1
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

Ex5 :

1.51

0.5

----------------
02 04 06 08 1 12 14 16
N

f(r) = (r—1)+3(r - 1)

0.4 1

0.2

-0.2

-0.4+

(Tr'=24>0)

----------------
02 04 06 08 1 12 14 16
s
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Other Energy/Momentum diagram in dimension d = 1

Actually, when d = 1, the Energy/Momentum diagrams can be curious

Ex5 : f(r)=(r—1)+3(r—1)* (T'=24>0)
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Energy/Momentum diagram indimension d = 2

What about dimension d =2 whenT' =0 ?
With the previous ansatz,

E(ug) ~ csP(ug) ~e 1> 1.
— Does there exist rarefaction waves with high energy ?

— Does there exist solutions with small energy (and momentum) ?
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Energy/Momentum diagram indimension d = 2

What about dimension d =2 whenT' =0 ?
With the previous ansatz,

E(ug) ~ csP(ug) ~e 1> 1.
— Does there exist rarefaction waves with high energy ?

— Does there exist solutions with small energy (and momentum) ?

Works in progress:

- numerical simulation in d = 2.

- error bounds for the (KdV)/(KP-I) asymptotic regime.

- justification of the time dependent cubic (KP-I) equation.
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